GLOBAL DIMENSION
Therefore in order to prove Theorem 1, it suffices to prove statement (a)
of Theorem 1. This proof is based on PROPSITION 3. Let A be a left /1-module, / a non-empty well-ordered set and (Ai)ie/ a family of submodules of A such that if i, j e / and i *= j, then Ai % Aj. If U Ai = A and 1. dinu (Ail A\) *g n for all % e / where A\ = U Aj, ί'ez j < i then 1. dinu A = n.
Proof. The proof is by induction on n. If n = 0, then for all / e / we have 1. dim (Ai/A'i) <== 0. Therefore each Ai/Ai is projective. This implies that each of the exact sequences
splits. Thus there exist submodules d of Ai such that
Ui) each d is ispmorphic to Ail A'i and therefore is projective.
From (i) and the hypothesis that A = U Ai, it follows that A = ΣC; (direct sum).
From (ii) we have that A is projective, since by [1 I, 2.1] the direct sum of projective modules is projective. Therefore 3. dim Λ A = 0 and the proposition is established in the case n -0.
Suppose n > 0 and the proposition has been established for n -1. Also, suppose ].dim A (Ai/At) =n for all ie /. Let F be the free Λ-module generated by the elements of A and Fi (respectively Fi) the free Λ-module generated by the elements of Ai (respectively Ai). Further, let R = Ker (F-> A) and define Ri=F, n /?, i?; = K π #.
From the relations Ai ϋ Aί , F, 2 Fί, #, 2 #ί and the exact sequences Since the sequence 0->i?->F->A->0 is exact, it follows from Proposition 2 that 1. dim A A ύ. 1 + 1. dim Λ R ^ n.
We now prove (a) of Theorem 1.
Let A be an arbitrary yl-module. Well order the elements x% of A and denote by A% (respectively Ai) the submodule of A generated by Xj for j =Ξ Z (respectively ./ < i). Then Ail Ai is either 0 or generated by the single element where w. 1. diπu A < n if and only if Tori (C, A) = 0 for all right Λ-modules C. For a right Λ-module C we define w. r. dim Λ C similarly.
We introduce the weak global dimension of A as follows:
where w. gl. dim A < n if and only if Tor« = 0. For the weak global dimension there is no distinction between "left" and ''right" dimension. Indeed, we have
where A ranges over all left Λ-modules while C ranges over all right Λ-modules.
Since the functors Tor« commute with direct limits, we may restrict A (respectively C) to range over finitely generated left (respectively right) Λ-modules.
THEOREM 4. If the ring A is left Noetherian, then
Similarly, if A is right Noetherian, then
Proof. By Theorem 1 we have
where A ranges over all finitely generated left Λ-modules. Since A is left Noetherian, we have by [1 VI, Exer. 3] that
for each finitely generated left yl-module A. This yields the conclusion.
COROLLARY 5. If A is both left and right Noetherian, then
This common value will be denoted by gl. dim A § 3. Semi-primary rings
Before discussing semi-primary rings, we prove the following general lemma.
LEMMA 6. 2) Let A be an arbitrary ring, N a nilpotent left ideal in A, and T a (covariant or contravariant) half exact functor defined for all left Λ-modules.
If T(A) = 0 for each left Λ-module such that NA = 0, then Γ=0.
Proof. Suppose the lemma is false. Then there is a left Λ-module A such that T(A)=*FO. Since iV is nilpotent, there is a maximal index k^O such that
This contradiction proves the lemma.
Let A be a ring (with unit). We say A is semi-primary if there is a twosided nilpotent ideal N of A, which we call the radical of A, such that Γ= Λ/N is semi-simple. It is clear that if A is semi-primary, its radical is unique. ExtKA, ) is a half exact functor, we deduce from Lemma 6 that ExtJJC-A, #) = 0 for all left Λ-modules B, i.e., 1. dim A < n (f)=)(a). This follows immediately from the general proposition that
As an immediate consequence of this proposition we have. 
From the exact sequence
Nx ® A + /ίi ® iV 2 -> /ii ® A-> A ® Γ 2 -> 0 we deduce that the Ker / is nilpotent. If we assume that Γx ® Γ 2 is semi-
